Magnetic resonance imaging (MRI) can measure several important hemodynamic parameters but
INTRODUCTION
Magnetic resonance imaging (MRI) is a versatile tool for the non-invasive assessment of fluid motion with several important clinical and research applications (1) . Most of these applications utilize the phase-contrast MRI (PC-MRI) velocity mapping technique, which provides an estimation of the mean velocity of each image voxel. The principles underlying the majority of the MRI flow quantification techniques in use date back to the work done by Hahn (2) who described the effects of motion on the phase accumulation of the transverse magnetization of spin isochromats in the presence of a magnetic field gradient. Early work in estimating flow with MRI was based on a single phase measurement (3, 4) ; subsequent developments lead to the phasedifference technique known as PC-MRI velocity mapping (5-7). The theoretical framework underlying PC-MRI was developed by Moran et al. (8) .
In MRI, the first order motion sensitivity of a pulse sequence is proportional to the 1 st moment of the applied gradient waveform according to k v = γM 1 , where γ is the gyromagnetic ratio. [1] where C is a real valued constant influenced by spin density, relaxation effects, etc. and φ add is an additional phase-shift caused by factors other than spin motion, such as magnetic field inhomogeneities. In Fourier velocity encoding (8) , S(k v ) is sampled using a range of k v values and an inverse Fourier transform of the resulting k v -space gives the distribution of spin velocities within a voxel. As a complete spatiotemporal k-t space is required for each step in k v -space, many potential applications of Fourier velocity encoding are infeasible due to prohibitive scan times. In phase-contrast MRI (PC-MRI) velocity mapping, two samples of S(k v ) are acquired and an estimation of the mean of the velocity distribution within a voxel is obtained from the ratio between the phase-difference between the two MRI signals, ∆φ, and the net motion sensitivity with which they are acquired, Δk v :
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Δk v is related to the velocity encoding range (VENC) parameter according to Δk v = π/VENC.
Only if the intravoxel spin velocity distribution s(v) is symmetric, V PC-MRI is the mean velocity of the voxel (9,10).
The standard deviation of the intravoxel spin velocity distribution (intravoxel velocity standard deviation (IVSD)) can be estimated from the magnitude relationship of two or more MRI signals (11) . Under the assumption that the intravoxel velocity distribution s(v) is Gaussian, the IVSD, σ, is obtained from (11, 12) ( ) ( ) ( )
The mean velocity and the IVSD correspond to the first raw moment and the square root of the second central moment, respectively, of s(v). PC-MRI velocity and IVSD mapping estimates these moments based on assumptions about the appearance of the intravoxel spin velocity distribution.
Here, we present a generalized framework for the quantification of any moment of arbitrary spin velocity distributions. Using this framework, estimations of the mean, standard deviation, skew, and kurtosis of s(v) are presented. The framework may improve the understanding and guide the application of current MRI motion estimation methods; this is exemplified by evaluating the implications of the symmetry assumption of PC-MRI velocity mapping.
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THEORY Moment Framework
Moments can be used to characterize several properties of a distribution such as its mean, standard deviation, skew, and kurtosis (see table 1 ). For an arbitrary distribution s(v), the n th raw moment is given by
and the n th central moment is given by
where 1 ' µ is the mean of s(v).
Moments in the function domain (velocity-space) correspond to differentials in the Fourier transform domain (k v -space) at k v = 0 (13). For the n th raw moment,
Thus, the moment framework describes how the different moments of the intravoxel velocity distribution s(v) are related to the MRI signal S(k v ); to obtain the n th (raw) moment of arbitrary intravoxel spin velocity distributions, the n th derivative of the MRI signal S(k v ) with respect to k v at k v = 0 needs to be determined. While the moment framework is not a measurement method in itself, it clarifies the prerequisites for MRI quantification of any moment of arbitrary velocity distributions. In this way, the framework may improve the understanding of current MRI moment estimation methods; this is exemplified below by addressing the problem of measuring the mean velocity of a voxel.
Utilizing the moment framework to evaluate the mean velocity of a voxel 
Thus, in the limit where k v approaches zero, the first raw moment it related only to the imaginary part of the MRI signal:
By also exploiting that the limits of y(k v ) and x(k v ) as k v approaches zero is zero and one, respectively, we get that 
The widely applied PC-MRI velocity mapping method estimates the mean velocity of a voxel based on the phase difference between two measurements of S(k v ), where ∆k v is chosen so that VENC = π /∆k v is slightly higher than the peak velocity of the flow of interest. As apparent from 
MATERIALS AND METHODS
For proof-of-concept, estimations of the mean, standard deviation, skew, and kurtosis of s(v) are performed based on finite difference approximations of the derivatives of S(k v ). The framework may be useful in improving the understanding and guide the application of current MRI motion estimation methods; this aspect of the framework is addressed by a preliminary investigation of the significance of the symmetry assumption of PC-MRI velocity mapping.
Moments of velocity distributions
The possibility of measuring moments of arbitrary velocity distributions was assessed by using a tailored MRI simulation approach. A virtual flow phantom consisting of numerical velocity data describing non-pulsatile flow in a straight 14.6 mm diameter circular pipe with a 75% areareduction cosine-shaped stenosis, described previously in ref (14), was considered. The numerical velocity data were obtained using large-eddy simulations (15) 
where T(k v ) = S(k v )/S(0) and it is assumed that the acquisitions of S(k v ) and S(0) differ only in their first gradient moment, as is the case in PC-MRI where S(k v ) and S(0) are typically acquired in an interleaved manner. In particular, the same echo time should be used for all motion-8(19) encoding segments. As the moments should be real, the absolute values of the estimated µ' 1 , µ' 3 , and µ' 4 were used. For normalized distributions ( In the cases shown here, the maximum error caused by the symmetry assumption is about 5%.
Note that velocity aliasing occurs when |∆k v | > π / V. In PC-MRI velocity mapping, Δk v is typically set so that the VENC parameter (π/Δk v ) matches the peak velocity of the flow of interest; a higher VENC is avoided because it decreases the velocity-to-noise ratio. However, by providing a better approximation of the first derivative of S(k v ), a higher VENC reduces the error caused by non-symmetric velocity distributions, and thus a tradeoff can be made between noise sensitivity and model dependency (figure 2). Being an integral part of the clinical evaluation of flow in many cardiovascular diseases (1), the applicability of PC-MRI velocity mapping is indisputable. IVSD mapping enables the estimation of turbulence intensity (11, 12) and has potential for the estimation of wall shear stress (18) .
Applications of methods based on 3 rd or higher order moments are yet to be evaluated. The estimation of the skew of s(v), for example, could be used to assess the accuracy of PC-MRI velocity estimates.
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As Flow rate calculations from PC-MRI velocity data are affected by the symmetry assumption (table 2) . However, while the root-mean-square error of all pixel velocities in a slice is monotonically related to the VENC, the extent of the accumulated error in flow rate calculations is dependent on the appearance of the velocity field in combination with the spatial resolution.
When accumulating velocities from several pixels in a slice, positive and negative errors cancel each other out to some extent and the resulting error in flow rate and volumetric flow may therefore be small, especially at higher spatial resolutions. However, the symmetry error can be expected to affect particle trace trajectories computed from 3D cine PC-MRI velocity data as these accumulate error over time; approaches for validation of such particle traces will be helpful in determining its significance (19) .
Analysis of the derivatives of S(k v ) has previously been used to address MRI motion estimation problems (18, 20) . Based on the derivatives of S(k v ) and their interpretations, Pipe (18) derived the following expression for the estimation of the IVSD, which is valid for small values of k v :
This expression, which can also be derived from the moment framework, yields IVSD estimates Hermitian symmetry, which in practice would be affected by noise and phase errors due to inhomogeneities.
In conclusion, a framework for the quantification of any moment of arbitrary velocity distributions has been presented. This framework exploits that moments in velocity space correspond to derivatives in k v -space. The framework proved to permit the estimation of the mean, standard deviation, skew, and kurtosis of the intravoxel velocity distribution. It furthermore facilitates improvements in the understanding and guidance of the application of current MRI moment estimation approaches, as demonstrated by an investigation of the significance of the symmetry assumption of PC-MRI velocity mapping. The symmetry assumption affects flow rate calculations and particle trace trajectories; its significance can be reduced by using a higher VENC. 
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